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Avant-propos : la factorisation matricielle (1)
Vous savez tous résoudre un systeme d’équations

2-81+3-5 5 (1)
3:5—-2-% = 1

Si on note I'équation sous forme matricielle avec A, s et x la matrice et les
vecteurs :

2 3
A:[s -2 }’ﬁz[ShSz]T etx=[51]"

Alors 'Eq. (1) devient
xX=A-

%)

dont la solution est :
s=A".-x=[1,1"

Trouver s en fonction de x s’appelle un probléme inverse car on doit
inverser 'opérateur A.
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Vous savez tous résoudre un systeme d’équations

2-59+3-8% +...+7-55= 5
3-51—-2-5 +...+2-55= 1

Si on note I'équation sous forme matricielle avec A, s et x la matrice et les
vecteurs :

2 3 ...7
A= [ 3 -2 .2 }’§:[s1732]T etx=[51]"
Alors 'Eq. (1) devient
x=A-s
dont la solution est :
s§=777

Trouver s en fonction de x s’appelle un probléme inverse car on doit
inverser I'opérateur A.

Comment résoudre ce type de probléme si ??77?
@ Iy a plus d’'inconnues que d’équations (probleme inverse mal posé)
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Avant-propos : la factorisation matricielle (1)
Vous savez tous résoudre un systeme d’équations

7.8 4+7-5 = 5 (1)
?7.851+7-8 = 1
Si on note I'équation sous forme matricielle avec A, s et x la matrice et les
vecteurs :
77 T T
Az[? ! },gz[shsz] et x = [5.1]

Alors I'Eq. (1) devient
dont la solution est :

Trouver s en fonction de x s’appelle un probléme inverse car on doit
inverser I'opérateur A.
Comment résoudre ce type de probléme si ??77?

@ Iy a plus d’'inconnues que d’équations (probleme inverse mal posé)

@ Sion ne connait pas 'opérateur A (approche aveugle de déconvolution,
égalisation, localisation, séparation de sources)
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Avant-propos : la factorisation matricielle (2)

Enormément de problémes, en machine learning et en traitement du signal,
peuvent s’écrire sous forme de systemes d’équations X ~ A- S :

X A S

M. Puigt Fast NMF/C using Nesterov iterations 3/16



Avant-propos : la factorisation matricielle (2)

Enormément de problémes, en machine learning et en traitement du signal,
peuvent s’écrire sous forme de systemes d’équations X ~ A- S :

X A S

approximation de matrices de faible rang

X matrice bruitée ou a trous, A matrice de poids, S matrice de variables
latentes

@ topic modeling
@ filtrage collaboratif (par ex: probléme Netflix)
@ étalonnage de capteurs mobiles (les travaux de Clément Dorffer)
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Avant-propos : la factorisation matricielle (2)

Enormément de problémes, en machine learning et en traitement du signal,
peuvent s’écrire sous forme de systemes d’équations X ~ A- S :

X A S

localisation/séparation de sources
X matrice de données observées, A matrice de mélange, S matrice des
sources

@ Si A estimée (et géométrie du réseau de capteurs connue)

© estimation de mélanges (localisation de souces D)
@ Si S estimée (et géométrie du réseau de capteurs connue)

© séparation de sources (traitement d’antennes I!)
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https://youtu.be/u_i4p_LxwYA
https://youtu.be/ztymP0vc6vE

Ce séminaire

M. Puigt

@ Travaux publiés a la conférence internationale d’analyse en variables
latentes dans le cadre de la thése de C. Dorffer

C. Dorffer, M. Puigt, G. Delmaire, G. Roussel, Fast nonnegative matrix
factorization and completion using Nesterov iterations, in Proc. of LVA/ICA
2017, Springer International Publishing AG, vol. LNCS 10179, pp. 26-35,
Grenoble, France, February 21-24, 2017.
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Motivation (1)

@ Many data stored as low-rank matrices (or tensors but | focus on
matrices in this talk)
@ But some entries of the matrices might be missing
© Low-rank Matrix Completion (MC):
o Estimate missing entries in a low-rank m x n matrix M

m)gnrank(X) st. Pa(X) = Pa(M),

where Pq(.) is the sampling operator of M

e Usually, rank(X) is replaced by || X]|,

e Many applications (e.g., seismic data, recommender systems, wireless
sensor networks, etc)

@ See also our work on blind calibration of mobile environmental sensors
(Dorffer et al., 2015-)
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Motivation (2)

@ What if the rank k of M is known?

o Estimate two m x k and k x n matrices Gand F suchthat X ~ G- F
and Po(G - F) = Pa(M)
@ What if in addition M (or X) is nonnegative?

o NMF = powerful tool for solving NMC
o But existing NMF/C approaches are rather slow

Fastening classical NMF
@ Distributed computing (e.g., Liu et al., 2010)
@ Online factorization (e.g., Mairal et al., 2010)
@ Randomized strategies (e.g., Zhou et al., 2012 or Tepper & Sapiro, 2016)
@ Fast solver (e.g., Guan et al., 2012)

NeNMF is among the fastest NMF techniques (see, e.g.,
https://github.com/andrewssobral/lrslibrary)
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Problem statement

State-of-the-art NMF/C

@ Based either on weighted
techniques or EM strategies

@ Using MU or ANLS (slow)
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Problem statement

State-of-the-art NMF/C Fastening NMF/C?

@ Based either on weighted @ Proposed solution: Nesterov
techniques or EM strategies extension of NMF/C strategies

@ Using MU or ANLS (slow)

@ Weighted NeNMF (W-NeNMF)
@ EM strategy for NeNMF (EM-W-NeNMF)

1
T(G.F)=5-IX-G-FI}:
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Principles of NeNMF (Guan et al., 2012)

@ In 1983, Nesterov fastens the plain Gradient Descent by replacing the

line search for optimal stepsize by its proposed iterative Optimal
Gradient Descent

© NeNMF (Guan et al., 2012) much faster than MU-NMF (Lee & Seung,
1999) or PG-NMF (Lin, 2007)
@ The NeNMF algorithm consists of:
@ an outer loop
@ an inner loop (here detailed for an update of F)

initialize t = 1, G', and F’
loop
t+ t+1;
F*' « NelnnerLoopF(X, G', F!);
G"' « NelnnerLoopG(X, G', F*);
end loop
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Principles of NeNMF (Guan et al., 2012)
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@ In 1983, Nesterov fastens the plain Gradient Descent by replacing the
line search for optimal stepsize by its proposed iterative Optimal
Gradient Descent

© NeNMF (Guan et al., 2012) much faster than MU-NMF (Lee & Seung,
1999) or PG-NMF (Lin, 2007)

@ The NeNMF algorithm consists of:

@ an outer loop
@ aninner loop (here detailed for an update of F)

define g = 1, Qg1 = Hi":ai-m, Vk € N

initialize Yo 2 F{, k=0

repeat
Fic = (Y« — 1VET(G, Y)) " with L 2 ||G|[3 Lipschitz constant
Yt = Fic + % (Fic = Fiet),

until Stopping criterion reached at Iteration K

return F*' = Yx

Stopping criterion: kK = Maxlter or

V;J(Gtv YK) Se- [VEJ(G17F1)7VIJ—E~—7(G17F1)]
F

: || -
+ k > Minlter
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Extending NeNMF to NMF/C (1)

Weighted NeNMF

We want to solve ming r>o [|Pa(M) — Pa(G - F)|| -

@ Weighted NMF < uncertainties associated to the observed data
(Guillamet et al., 2003, Ho, 2008)

1
Tw(G,F) =5 - IWe (X~ G- P[5
@ If weights are binary, WNMF can solve NMF/C (see e.g., Dorffer et al.,
2015)
a1 (i) e,
Wii.j) = { 0 otherwise.
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Extending NeNMF to NMF/C (1)

Weighted NeNMF

We want to solve ming r>o [|Pa(M) — Pa(G - F)|| -

@ Weighted NMF < uncertainties associated to the observed data
(Guillamet et al., 2003, Ho, 2008)

1
Tw(G,F) =5 - IWe (X~ G- P[5
@ If weights are binary, WNMF can solve NMF/C (see e.g., Dorffer et al.,
2015)
a1 (i) e,
Wii.j) = { 0 otherwise.
@ W-NeNMF:

@ same structure as NeNMF except that 7 (., .) is replaced by Jw(., )
@ we prove that Jw(G, .) is convex and the Lipschitz constant is L = ||G||2
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Extending NeNMF to NMF/C (2)

EM extension of NeNMF

We want to solve ming r>o ||Pa(M) — Pa(G - F)|| -
@ EM strategy (Zhang et al., 2006)
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Extending NeNMF to NMF/C (2)

EM extension of NeNMF

We want to solve ming r>o ||Pa(M) — Pa(G - F)|| -

@ EM strategy (Zhang et al., 2006) but also (Kim & Choi, 2009) or even
(Srebro & Jaakkola, 2003) with no sign constraint
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EM extension of NeNMF

We want to solve ming r>o ||Pa(M) — Pa(G - F)|| -

@ EM strategy (Zhang et al., 2006) but also (Kim & Choi, 2009) or even
(Srebro & Jaakkola, 2003) with no sign constraint

@ E-step: Estimate the completed version X of M using
X+ WoM+ (Amn— W)o(G-F).
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@ E-step: Estimate the completed version X of M using
X+ WoM+ (Amn— W)o(G-F).
@ M-step: Apply a standard NMF to update G and F using X instead of M.

M. Puigt Fast NMF/C using Nesterov iterations 11/16



Extending NeNMF to NMF/C (2)

EM extension of NeNMF

We want to solve ming r>o ||Pa(M) — Pa(G - F)|| -

@ EM strategy (Zhang et al., 2006) but also (Kim & Choi, 2009) or even
(Srebro & Jaakkola, 2003) with no sign constraint

@ E-step: Estimate the completed version X of M using
X+ WoM+ (Amn— W)o(G-F).
@ M-step: Apply a standard NMF to update G and F using X instead of M.

@ EM-W-NeNMF consists of applying NeNMF at the M-step. But how
many outer and inner loops?
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Extending NeNMF to NMF/C (2)

EM extension of NeNMF

We want to solve ming r>o ||Pa(M) — Pa(G - F)|| -

@ EM strategy (Zhang et al., 2006) but also (Kim & Choi, 2009) or even
(Srebro & Jaakkola, 2003) with no sign constraint

@ E-step: Estimate the completed version X of M using
X+ WoM+ (Amn— W)o(G-F).

@ M-step: Apply a standard NMF to update G and F using X instead of M.

@ EM-W-NeNMF consists of applying NeNMF at the M-step. But how
many outer and inner loops?
@ A few remarks:

o EM-MU-NMF less sensitive to initialization than MU-WNMF but slowler
(Zhang et al., 2006)
o Possible issues if the E-step is not accurately performed.
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Experiments (1)

Experimental protocol

@ NMC accuracy of the proposed NeNMF extensions wrt MU WNMF and
EM-NMF methods (ANLS provided similar performance as MU in our
tests)

For each test condition, we repeat 30 times:

@ We simulate random matrices G and F with m = n = 500 and k = 10
@ We construct X = G- F 4+ N, where N random noise realization (not always
added)
© We sample X to derive M (with a sampling proportion ranging from 10 to
90%)
Nesterov parameters:
o Maxlter setto 1, 10, 100 and 1000 ;
@ Minlter set to 5 (except when Maxlter = 1)
@ ¢ =1e — 3 andis divided by 10 if K < Minlter

EM methods: number of NMF iterations per E-steps setto 1, 2, and 10.
Stopping criterion: the methods are stopped after 15 s
Performance criterion:

ESR(X,G-F) = |IX - G- F|% /[IX|]>
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Experiments (2)
@ First example: 50% of missing entries, no additive noise, 2 NMF
iterations per E-step, and Maxlter set to 100.

) Weighted NMF techniques EM-based NMF techniques

5 10 5 10
CPU time (s.) CPU time (s.)

Figure: Evolution of the NMC ESRs vs the CPU time, achieved with MU (in blue), and
Nesterov iterations (in red).

M. Puigt

Fast NMF/C using Nesterov iterations 13/16



Experiments (2)
@ First example: 50% of missing entries, no additive noise, 2 NMF
iterations per E-step, and Maxlter set to 100.

Weighted NMF techniques EM-based NMF techniques

30 40 50 60 0 10 20 30 40 50 60
CPU time (s.) CPU time (s.)

0 10 20

Figure: Evolution of the NMC ESRs vs the CPU time, achieved with MU (in blue), and
Nesterov iterations (in red).
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Experiments (2)

@ First example: 50% of missing entries, no additive noise, 2 NMF
iterations per E-step, and Maxlter set to 100.

@ What may explain the low performance of W-NeNMF?
@ Let’s see what’s going on in NeNMF inner loops

Unweighted gradient

VeT(G,Yk) =G - (G- Yk — X)
=G’ G-Y%-G' X

Weighted gradient
VeIw(G, Yi) = G- (W°2 o (G- Yi — X))
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Main results (1)
Influence of the maximum number of inner loops in NeNMF methods on the
median NMC performance (no additive noise)
(left) weighted approaches, (right) EM techniques

107" T 1072 T T T T
—— MU -
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1072 | —*— 10 passes > o
7 —— 100 passes — 10
© —+— 1000 passes 10-5)
% 10% F 4
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Main results (1)
Influence of the maximum number of inner loops in NeNMF methods on the
median NMC performance (no additive noise)
(left) weighted approaches, (right) EM techniques
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Main results (2)

M. Puigt

Influence of noise with 100 inner loops, 2 NMF loops per E-step

(left) noiseless data, (right) noisy data (SNR ~ 30 dB)

ESR (after 15 s.)

1072

1074

10°°

105 |

1077

10°°

107°

T T T T T T T T
B 103 |~ WNWF
— —— 5 —=— EM-WNMF
—s—  W-NeNMF
o WNMF 1% —+— EM-W-NeNMF
= EM-WNMF o
—e—  W-NeNMF 12
—+— EM-W-NeNMF A
o
18
| -5 | | | |
80 107 20 40 60 80

Missing value prop. (%)

Missing value prop. (%)

Fast NMF/C using Nesterov iterations

15/16



Conclusion

@ NeNMF for large-scale NMC
@ two extensions using the weighted and the EM strategies

@ the latter is better suited but no real improvement where a lot of data is
missing
@ Future work:
o Informed NeNMF / Semi-NMF with sparse priors

Want to know more about the motivation of this paper?

Check out Clément Dorffer's work on mobile environmental sensor
calibration:

@ LVA/ICA’15: informed MU-WNMF
@ |ICASSP’16: informed MU-WNMF + sparse priors
@ SAM’16: informed semi-NMF with a Vandermonde factor
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