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A Framework for Compressed Weighted
Nonnegative Matrix Factorization

Farouk Yahaya, Matthieu Puigt, Member, IEEE, Gilles Delmaire, and Gilles Roussel

Abstract—In this paper we propose a novel framework that
successfully combines random projection or compression to
weighted Nonnegative Matrix Factorization (NMF). Indeed a
large body of NMF research has focused on the unweighted
case—i.e., a complete data matrix to factorize—with a few
extensions to handle incomplete data. Also most of these works
are typically not efficient enough when the size of the data
is arbitrarily large. Random projections belong to the major
techniques used to process big data and although have been
successfully applied to NMF, there was no investigation with
weighted NMF. For this reason we propose to combine random
projection with weighted NMF, where the weight models the
confidence in the data (or the absence of confidence in the case of
missing data). We experimentally show the proposed framework
to significantly speed-up state-of-the-art NMF methods under
some mild conditions when applied on various data.

Index Terms—Nonnegative matrix factorization, random pro-
jections, matrix sketching, missing entries, matrix completion.

I. INTRODUCTION

NONNEGATIVE matrix factorization (NMF) is one of the
several techniques that fall under the umbrella of unsu-

pervised learning. NMF mainly seeks to draw linear models of
an underlying high dimensional data as low rank approximates
while enforcing the nonnegativity constraint [1]. Suppose we
have high dimensional nonnegative data - ∈ R<×=+ , and a
target rank : � min(<, =), we can find two nonnegative
matrices � ∈ R<×:+ and � ∈ R:×=+ such that

-≈� · �. (1)

In that formalism, � is a dictionary/basis matrix1 while � is a
matrix of weights2. The problem in Eq. (1) can be solved by
defining a cost function and by designing an algorithm which
seeks to constrain non-negativity of � and � and to minimize
the error between the approximated product � · � and the

F. Yahaya is with Expleo Group, Toulouse, France. This work
was done when he was with Univ. Littoral Côte d’Opale. e-mail :
faroya2011@gmail.com.

M. Puigt, G. Delmaire, and G. Roussel are with Univ. Littoral
Côte d’Opale, LISIC – UR 4491, F-62228 Calais, France, e-mail:
{matthieu.puigt,gilles.delmaire, gilles.roussel}@univ-littoral.fr.

This work was partly funded by the Région Hauts-de-France within F.
Yahaya’s PhD fellowship. Experiments presented in this paper were carried
out using the CALCULCO computing platform, supported by ULCO.

1Depending on the application, the basis matrix contains different informa-
tion, e.g., the sources in blind source separation, some atoms in dictionary
learning, or some features in clustering.

2It should be noticed that � and � play a symmetrical role. Indeed, if we
transpose - , we get -) ≈ �) ·�) and the weight matrix is the first factor
while the basis matrix is the second factor.

original matrix - . Additional properties on � and � can also
be considered. The resulting cost function reads3

{�̂, �̂} = arg min
�,� ≥0

`0D{-, � · �} +
∑
8≥1

`8P8{�, �}, (2)

where D{·, ·} denotes a loss function, the P8{·, ·} expressions
denote some penalization terms, and `0, `1, . . . are weights
to balance the different objective functions. In most NMF
problems, the loss function D in Eq. (2)—which provides
the discrepancy between - and � · �—is measured using
the Frobenius norm [3], [4], the Kullback-Leibler divergence
(a.k.a the I-divergence) [4], the UV parametric divergence [5],
or the Itakura-Saito (IS) divergence [6]. Some authors also
considered specific functions which also take into account
some structure of at least one of the matrix factors, e.g.,
[7], [8]. Classical penalization functions P8{�, �} are the ℓ1
norm [9], [10] (usually to promote sparsity of one matrix
factor), the Frobenius norm (to promote smoothness of one
factor [11] or low-rankness of the matrix product � · � [12]),
or more sophisticated relationships involving at least one of
the factor matrices (see, e.g., [13], [14]). If we consider
the simplest formalism of an NMF problem, i.e., with the
squared Frobenius norm ‖·‖2F as a discrepancy measure and
no penalization function, Eq. (2) reads

{�̂, �̂} = arg min
�,� ≥0

1
2
‖- − � · �‖2F , (3)

and is usually solved through an iterative procedure where �
and � are alternatingly updated in order to decrease the loss
function. More precisely, denoting (C − 1) the current NMF
iteration and �C−1 and �C−1 the estimates of � and � at the
(C − 1)-th iteration, respectively, NMF aims to alternatingly
update these matrices while freezing the other. As an example,
if one first updates � and then �, the resulting estimates—
denoted �C and �C , respectively—satisfy

- − �C · �C−1



F ≤


- − �C−1 · �C−1



F , (4)

- − �C · �C

F ≤ 

- − �C · �C−1


F . (5)

Since the problem in Eq. (2) is non-convex in nature,
convergence to a global minimum is not always guaranteed4

thus making it an NP-hard problem [17]. However, the con-
vergence to stationary points—which check the Karush-Kuhn-
Tucker conditions—was investigated in, e.g., [18] and several

3Please also note the existence of variants of Eq. (2) where several loss
functions are optimized, e.g., [2].

4However, please note that the convergence of NMF is guaranteed under
the (near-)separability assumption [1] and efficient separable NMF algorithms
were proposed to that end, e.g., [15], [16].
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techniques have been proposed to solve NMF, e.g., multi-
plicative updates [4], projected gradient [19], or alternating
nonnegative least squares [20]. NMF inherent computations
are generally expensive and the above solvers are known to
be slow to converge. As a consequence, faster algorithms and
paradigms are continuously sought to improve their associated
time complexities and, for example, distributed computing
[21] or online optimization [22] have also been proposed for
NMF. In addition, paradigms like random projections (a.k.a
sketching) have been proposed to significantly reduce the size
of the data to process while preserving its information [23],
[24]. When applied to NMF, bilateral random projections were
successfully considered in several works, e.g., [25]–[28].

However in many real world problems, e.g., air quality
monitoring [29] or recommender systems [30], we are not
guaranteed to have a fully observed data matrix. As such, the
NMF problem can be remodeled as a Weighted NMF (WNMF)
problem [31]–[33]. WNMF similarly aims to find a low-rank
linear model of the partially observed (i.e., incomplete) data.
Several algorithms to solve WNMF were thus proposed and
may be seen as extensions of the above methods. Still, to
the best of the authors’ knowledge, random projections were
not combined to WNMF in the literature. This paper aims to
tackle this issue, for which we propose a novel framework.
A preliminary version was published in [34] but we extend
it in several ways, i.e., (i) we propose a deeper analysis
of its complexity, (ii) we propose a new random projection
technique which is faster to compute, (iii) we propose a deeper
experimental validation, and (iv) we consider two applications,
i.e., background subtraction and mobile sensor calibration

The remainder of the paper is organized as follows: Section
II introduces some related work on NMF, WNMF, and random
projections. Section III presents our proposed methods. Then
we discuss the results of our experiments in Sect. IV and
finally the conclusion in Sect. V.

II. RELATED WORK

The problem of missing entries is more than a decade old
problem in machine learning, signal, and image processing
applications. In the context of NMF there are a few ways
to deal with missing entries which we briefly review below.
Additionally we provide some overview on random projections
schemes for dealing with high dimensional data.

A. Weighted Nonnegative Matrix Factorization

In WNMF, the data matrix - is provided with a <×= weight
matrix , whose entry F8 9 models the confidence in the data
point G8 9 . In that case, WNMF aims to solve

, ◦ - ≈ , ◦ (� · �), (6)

where ◦ denotes the Hadamard product. WNMF was suc-
cessfully applied to, e.g., image processing [32], collaborative
filtering [35], mobile sensor calibration [29], or nonnegative
matrix completion. WNMF is iteratively performed by alter-
nating updates of � and � just like standard NMF, except that
a weight matrix , is considered inside the NMF formulation.

In this paper we consider the Frobenius norm as our cost
function. As a consequence, Eq. (6) reads

{�̂, �̂} = arg min
�,� ≥0

1
2
‖, ◦ - −, ◦ (� · �)‖2F . (7)

Three main strategies allow to take into account this weight
matrix , , i.e., (i) direct computation [32], (ii) an Expectation-
Maximization (EM) framework [35], and (iii) Stochastic Gra-
dient Descend (SGD) [30].

The first strategy directly incorporates weights into the
NMF problem. For example, incorporating weights in the
Multiplicative Update (MU) rules has been proposed in [32],
[36], providing the following update rules of the method
denoted5 MU-WNMF:

� = � ◦ (, ◦ -) · �)
(, ◦ (� · �)) · �) , (8)

and

� = � ◦ �) · (, ◦ -)
�) · (, ◦ (� · �)) , (9)

where the ratio symbol here denotes the elementwise division.
While the above rules are very easy to implement, they are
slow to converge. Moreover, even a fast solver—i.e., the
Nesterov optimal gradient [38]—was found not to allow a fast
decrease of such a cost function [39].

The second above strategy aims to remove the presence
of the weight matrix , within an Expectation-Maximization
(EM) procedure. Assuming the entries of , to be between6 0
and 1, we define , , (1=,< −,)—where 1=,< is the = × <
matrix of ones—-theo as the theoretical matrix of data—i.e.,
without missing entries or uncertainties—and (C−1) the current
iteration. The EM strategy is an iterative procedure which aims
to estimate � and � in the maximum likelihood sense. The
E-step aims to estimate the expected complete matrix - with
respect to the known data , ◦ - , the uncertain / unknown
matrix data , ◦ -theo, and the current estimates of � and �.
As a consequence, the E-step aims to maximize [35]

E
[
logP

(
, ◦ -,, ◦ -theo |� · �

)
|, ◦ -, (� · �) (C−1)

]
,

(10)
whose solution denoted -comp reads

-comp = , ◦ - +, ◦ (� · �) (C−1) . (11)

The M-step then consists of applying standard NMF update
rules to -comp in order to derive � and �. Once NMF
converged to a given solution [35] or after a given number
of iterations [39], -comp is updated in another E-step using
the last estimates of � and � in Eq. (11), denoted �C

and �C , respectively. Such an EM strategy was found to be
less sensitive to initialization than the direct incorporation
of weights in the update rules [35]. It was also found to
suffer slow convergence when combined with MUs [35]. This
drawback was solved in [39] by using the Nesterov accelerated

5Please note that the update rules provided in Eqs. (8) and (9) are derived
from Eq. (6), when the loss function D between , ◦- and , ◦ (� ·� ) is the
Frobenius norm (and no penalization term P8 is applied to the factor matrices).
Other loss functions may be chosen instead, e.g., parametric divergences [37].

6Such an assumption is not an issue, as it is possible to scale any non-null
matrix , so that its maximum value is 1.
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gradient [38] to update the matrix factors. This strategy was
also found to be much faster than using Nesterov gradient with
the original weighted NMF optimization problem [39].

Lastly, the third strategy to solve WNMF is based on SGD
which is a widely used strategy for optimization. It may be
seen as a stochastic approximation of a gradient descent, as
it replaces the gradient computation—computed over the full
data—by an estimation of itself derived from a randomly
chosen subset of the data. SGD was applied to NMF in,
e.g., [40], [41], and its extension to WNMF is straightforward
when , is binary7. Indeed, in that case, SGD randomly
selects some entries among those available only, as proposed
in [30] for matrix factorization without sign constraints. From
a mathematical point of view, considering the Frobenius norm
as a loss function, no additional penalization function, and
denoting I the set of entries of - for which , is equal to 1,
SGD aims to minimize

1
2

∑
(8, 9) ∈I

(
G8 9 − 6

8
· 5 9

)2
, (12)

where G8 9 is the (8, 9)-th entry of - , 6
8

is the 8-th row of � and
5 9 is the 9-th column of �. In practice, at each SGD-NMF
iteration, one or several couples of points in I are selected to
update � and �.

Finally, it should be noticed that most authors consider
problems in which the weight matrix , is fixed but some
recently proposed to learn , along iterations [42], [43]. In
the remainder of the paper, we also consider , to be provided
and fixed but the methods proposed in this paper can be easily
extended to update , , e.g., by following the strategy in [43].

B. Random Projections and Compressed NMF

Random projections (RPs) were first conceived through
the work of William B. Johnson and Joram Lindenstrauss in
[44], grounded on what is popularly known as the Johnson-
Lindenstrauss Lemma (JLL, see Lemma 1). Thus in RPs, we
are merely interested in making an approximately isometric
embedding of points from a high-dimensional Euclidean space
R3 to a lower dimensional one RB (3�B) while preserving
the pairwise distance between any pairs of points, up to some
allowable distortion.

Lemma 1 (Johnson-Lindenstrauss [44]): Given a distortion
n ∈ (0, 1), and a set of = points {H1 · · · H=} in R3 space,
there exists a (linear) embedding b : R3 ↦→ RB , where B >
8(log(=)/n2), such that, ∀1 ≤ 8 ≤ 9 ≤ =,(

1 − n
) 

H8 − H 9

2 ≤



b (H8) − b (H 9 )

2 ≤
(
1 + n

) 

H8 − H 9

2
.

(13)

The major result from this lemma lies in its proof as a scaled
Gaussian random matrix is used for setting the embedding b.
Said differently, a Gaussian matrix is a universal compression
operator. It is worth mentioning that the projection provided
by this lemma only depends on the number = of data points

7While there is no issue in extending such techniques to tackle non-binary
weights, i.e., to propose SGD for the first above strategy, we are not aware
of any of such extensions.

and on a specified level of distortion, but not on the initial
dimension 3. It is well known that most problems involving
high dimensional data matrices tend to be approximately low-
rank [45], for which computing linear dimensionality reduction
is time-consuming. Random projections thus allow to provide
a sketch of a large data matrix which preserves its information,
up to a fixed approximation error, while being much smaller.
Moreover, because such data are usually noisy, extreme com-
putational precision is not necessary. Many methods have been
proposed over the last decade to design such sketches [24],
[46]. We refer the reader to [23] for an in-depth discussion of
the probabilistic framework of random projections.

RPs have also been applied to latent variable analysis
techniques. To the best of the authors’ knowledge, early work
was proposed for Independent Subspace Analysis in [47].
Combining NMF with RPs has been proposed more recently.
In [48], the authors proposed to reduce the size of the data
matrix - by replacing it with a matrix product derived from
the randomized SVD of - . This matrix product contains less
entries than - , thus allowing to accelerate the dedicated NMF
updates. However, most authors, e.g., [25]–[28], considered
the so-called bilateral projections [49]. The data matrix -
is compressed on the left and right side, by respectively
multiplying it by some ! and ' projection matrices. The
resulting matrices—denoted -! and -', respectively—are far
smaller than - and allow to accelerate the NMF computations.
Indeed, we define �! , ! · � and �' , � · ' and, if ! and
' are “well chosen”, i.e., they keep the information contained
in - while reducing its size, it is still possible to update �
and � from -! and �! , and -' and �', respectively. In
particular, as ! and ' have no sign constraint in general,
the matrices -! , �! , -', and �' can get negative entries.
Since � and � remain nonnegative, their associated updates
are instances of semi-NMF [50]. The resulting randomized
NMF (a.k.a. Compressed NMF) formulation is summarized in
Algorithm 1, where J (-, �, �) is the possibly-penalized cost
function associated to Eq. (2), i.e.,

J (-, �, �) , `0D{-, � · �} +
∑
8≥1

`8P8{�, �}. (14)

Lastly, the NMF stopping criterion might be a target approxi-
mation error, a number of iterations, or a reached CPU / wall-
clock time. Moreover, please note that Algorithm 1 has been
proposed for approximate NMF but the authors in [26], [27]
also proposed to use them for separable NMF for which the
NMF uniqueness of the solution is guaranteed [15].

The above compressed NMF methods in [25]–[28] mainly
differ in the design of ! and '. The authors in [25] used
scaled Gaussian random matrices, thus following the proof
of the JLL. Such projections are data-agnostic. However, the
authors in [26], [27] independently found structured RPs to
provide a much better NMF performance than data-agnostic
projections. In particular, the authors in [26] used Randomized
Power Iteration (RPI) schemes which read as follow to form
!. Defining a =× (: + a) Gaussian random matrix Ω! , where
a is an oversampling parameter (typically, a ≥ 5), RPIs read

�! = (--) )@ · - · Ω! , (15)
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Algorithm 1: Compressed NMF strategy

1 input : - ∈ R<×=+ , � ∈ R<×:+ , � ∈ R:×=+
2 output: �̂ ∈ R<×:+ , �̂ ∈ R:×=+
3 derive : ! and '
4 define : -! , ! · - and -' , - · '
5 repeat
6 define : �' , � · '
7 Update � to decrease J (-', �, �')
8 define : �! , ! · �
9 Update � to decrease J (-! , �! , �)

until Stopping Criterion;
derive : �̂ ← � and �̂ ← �

where @ is a small integer (typically, @ ∈ {2, 3, 4}). The
term - · Ω! in Eq. (15) provides a randomized sketch of
- while the term (--) )@ is the well-known power iteration
which enhances the low-rank structure of - . Then, we form
the < × (: + a) orthogonal matrix ! by a QR decomposition
of �! . The authors in [26] then proposed several update
rules, i.e., MUs and active set updates. As alternative, in [28],
we proposed to use Randomized Subspace Iterations (RSIs)
that we combined with Nesterov gradient [51]. RSIs—which
consider the same matrix products than RPIs but integrate
intermediate QR decompositions after each matrix product—
are similar to RPIs in theory but less sensitive to round-off
errors in practice [52]. Similarly, the authors in [27] used
RSIs within unilateral projections and proposed hierarchical
alternating least squares update rules. Algorithms to compute
RPIs and RSIs within a bilateral projection NMF context are
provided in Algorithms 2 and 3, respectively.

Algorithm 2: SC:RPI [26]

1 input : - ∈ R<×= , a (with : + a � min(=, <)), and
@ // e.g., @ = 4 in [26]

2 output: ' ∈ R=×(:+a) , ! ∈ R (:+a)×<
3 begin
4 draw : Gaussian random matrices Ω! ∈ R=×(:+a)

and Ω' ∈ R (:+a)×<
5 �! ← (--) )@ · - · Ω!
6 �' ← Ω' · - · (-) -)@
7 derive : orthogonal matrices ! , QR(�!)) and

' , QR(�') )
end

Aside from structured projections however, other schemes
applied to NMF exist. The authors in [53] proposed a way to
accelerate the multiplication of - by a Gaussian matrix ! in
the case of separable NMF. Their strategy, named CountGauss,
combines the ideas of both the CountSketch method [54] and
the Gaussian projection. The former consists of generating
a matrix ( with only one nonzero entry per row, whose
value is either +1 or −1 with equal probability. The product
( · - then provides a sketch of - . The main advantage of
CountSketch lies in its low time complexity, especially when
the data matrix is sparse. However, it requires more samples
than Gaussian compression to reach the same approximation

accuracy. Combining CountSketch with Gaussian projection
thus leverages the CountSketch drawback while still being
faster to compute than a standard Gaussian projection. In [55],
the authors assume to only get one compressed matrix -! .
They then recover � and �! and restore the original matrix
� through a compressed-sensing-like strategy by assuming
its columns to be sparse in a known basis. In [56], the
authors proposed a randomized version of the preconditioned
successive projection algorithm [57], i.e., a robust separable
NMF technique.

Algorithm 3: SC:RSI [28]

1 input : - ∈ R<×= , a (with : + a � min(=, <)), and
@ // e.g., @ = 4 in [26]

2 output: ' ∈ R=×(:+a) , ! ∈ R (:+a)×<
3 begin
4 draw : Gaussian random matrices Ω! ∈ R=×(:+a)

and Ω' ∈ R (:+a)×<
5 form : X (0)! , - · Ω! and X

(0)
' , Ω' · -

6 & (0)! ← QR(X (0)! )
7 & (0)' ← QR(X (0)'

) )
8 for 8 = 1 to @ do
9 X̃

(8)
! ← -) · & (8−1)

!

10 X̃
(8)
' ← & (8−1)

' · -)
11 &̃ (8)! ← QR(X̃ (8)! )
12 &̃ (8)' ← QR(X̃ (8)' ))
13 X

(8)
! ← - · &̃ (8)!

14 X
(8)
' ← &̃ (8)' · -

15 & (8)! ← QR(X (8)! )
16 & (8)' ← QR(X (8)'

) )
end

17 derive : orthogonal matrices ! , & (@)!
)

and
' , & (@)' .

end

III. PROPOSED METHODS

The above methods combining RPs with NMF do not take
into account the uncertainty matrix8 , . As a consequence, we
here propose a general Block Coordinate Descent framework,
with two matrix blocks, for that purpose. This section is
organized as follows. We first provide our general strategy.
Then, in Subsect. III-B, we provide its complexity analysis
and we propose in Subsect. III-C an accelerated scheme for
deriving RPIs and RSIs.

A. Overall Strategy of Compressed WNMF

As discussed in Subsect. II-A, we can consider , in the
update rules (the resulting method is denoted DC-W-NMF

8Please note that if the same uncertainty is applied to each row of - , then
solving Eq. (6) can be similarly done by replacing , and the Hadamard
product by a diagonal weight matrix and a matrix product, respectively. In
that case, compressing WNMF can be straightforwardly obtained using the
same strategy as in plain NMF.
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hereafter for “Direct Computation for Weighted NMF”) or use
the EM framework. In that case, we denote the method by
EM-W-NMF. However, in practice, because of the Hadamard
product between , and - , it is not easy to propose bilateral
projections for DC-W-NMF and to solve the WNMF problem
in a similar way as it is done for Compressed NMF9.

As explained in Subsect. II-A, while the early EM-W-NMF
methods were slow to converge, more recent methods fixed
this issue by using a fast solver, i.e., the Nesterov optimal
gradient [39]. In particular, the authors in [39] showed their
proposed EM-W-NMF to be much faster than state-of-the-art
DC-W-NMF. In spite of these improvements, optimizing the
problem in Eq. (2) still remains expensive in the case of large
data matrices.

Our proposed strategy reads as follows. In the EM strategy,
after the E-step is applied, we obtain a plain matrix -comp

as shown in Eq. (11). Then, any NMF solver may be applied
during the M-step. Our proposed strategy thus aims to compute
projection matrices ! and ' in the E-step, i.e., to compress
-comp using the bilateral compression strategy introduced in
Subsect. II-B, in order to accelerate the computations in the
M-step. The latter aim to solve

-comp ≈ � · �, (16)

by alternatingly updating � using -
comp
! , ! · -comp and

�! , and � using -
comp
' , -comp · ' and �', respectively. In

practice, any state-of-the-art random projection strategy can be
used to derive ! and ' but we here consider structured pro-
jections only, as they were found to outperform data-agnostic
projections for unweighted NMF. The overall structure of the
Randomized EM-W-NMF (REM-W-NMF) method is provided
in Algorithm 4.

B. Complexity Analysis

At this stage, it should be noted that our proposed com-
pressed strategy significantly differs from the one applied to
plain NMF. Indeed, while it was done once in plain NMF,
the compression of -comp by ! and ' is done at each E-step.
As data-dependent compression schemes, i.e., RPIs and RSIs,
were shown to be better suited to NMF than data-agnostic
ones, we still use them for WNMF in this paper. However,
both RPIs and RSIs require a higher number of computations
than data-agnostic methods (as shown in Table I) and, as -comp

evolves during the EM iterations, their regular computation
in each E-step constitutes a computational bottleneck of the
proposed strategy.

Fortunately, as the dimensions of the sketches -comp
! , �! ,

-
comp
' , and �' are reduced with respect to the original matri-

ces, the computational cost in the M-step can be much cheaper
than with the plain algorithm. In particular, as many NMF
solvers are linked with the gradient descent—e.g., [4], [19],
[51]—it may be interesting to analyze the computational cost

9Recently, the authors in [58] applied bilateral projections to , ◦- in order
to derive a matrix product � · ( using Randomized HALS [27]. They then
derive � and � from � · ( ≈, ◦ (� · � ) using weighted alternating least
squares. As a consequence, their whole approach might be seen as a weighted
version of [48], which does not follow the general bilateral projection strategy
discussed above.

Algorithm 4: Proposed REM-W-NMF strategy

1 input : , , - ∈ R<×=+ , � (0) ∈ R<×:+ , � (0) ∈ R:×=+ ,
C ← 0

2 output : � ∈ R<×:+ , � ∈ R:×=+
3 repeat
4 C ← C + 1

{E-step}
5 -comp ← , ◦ - +, ◦ (� · �) (C−1)

6 Compute: ! and '
7 define : -

comp
! , ! · -comp

8 define : -
comp
' , -comp · '

9 {M-step}
10 for : = 1 to [ do

define : �' , � · '
11 Update � to decrease J (-comp

' , �, �')
12 define : �! , ! · �
13 Update � to decrease J (-comp

! , �! , �)
end

14 � (C) ← � ; � (C) ← �
until Stopping Criterion;

TABLE I: Time complexity of major RP algorithms.

Algorithm Type∗ Complexity†
Gauss. Proj. [25] DA O(< · = · (: + a))
CountSketch [54] DA O(==I (- ))
CountGauss [53] DA O(==I (- ) + =(: + a) (: + `))
RSI & RPI [23] DD O(@=<(: + a) +<(: + a)2)
∗DD : Data Dependent † nnz means “Number of
∗DA : Data Agnostic non-zero elements”

of its expression without and with compression. Denoting C the
current iteration in the M-step, �C and �C the current estimates
of � and �, and _ the gradient weight, the (C + 1)-th update
of � then reads

�C+1 = �C − _ · ∇�J (-comp, �C , �C ). (17)

Assuming that J (-comp, �, �C ) , 1
2 ‖-comp − � · �C ‖2F , its

gradient expression with respect to �C reads

∇�J (-comp, �C , �C ) = �C · �C · �C) − -comp · �C) . (18)

Similarly, if we now consider the compressed problem, we
get the same expression of �C+1 as in Eq. (17), except that
∇�J (-comp, �C , �C ) is here replaced by

∇�J (-comp
' , �C , �C') = �C · �C' · �C') − -comp

' · �C') . (19)

The complexities to compute the terms of Eqs. (18) and (19)
are provided in Table II.

As : + a � =, Table II shows the reduced computational
costs of an update at one iteration of the M-step when

TABLE II: Complexity to compute the terms of both the
uncompressed and compressed gradient expressions.

Expression Complexity
�C · (� C · � C) ) O ( (< + =):2)
-comp · � C) O(<=:)
�C · (� C

' · � C
'
) ) O ( (< + : + a):2)

-
comp
' · � C

'
) O(<: (: + a))
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compression is performed. Still, one needs more than one
iteration in the M-step loop to counterbalance the extra-cost
due to the computation of ! and ' in the E-step. As a
consequence, one could imagine that increasing the number of
updates might always result in a better performance. However,
in practice, a trade-off must be found. Indeed, a high number of
updates in the M-step might yield to the convergence of � and
� with respect to -comp, even in early E-step iterations where
-comp is probably far from the theoretical full data matrix.

Lastly, accelerating the computations of ! and ' in the E-
step would allow a significant speed-up of the whole method.
This is the objective of the next subsection where we introduce
an acceleration strategy for computing RPIs and RSIs.

C. Accelerating Structured Random Projections
As explained above, we aim to accelerate the computations

needed by RPIs and RSIs. We thus introduce two frameworks
for that purpose which can be applied either to RPIs or RSIs.
As a consequence, we only introduce them in the framework
of RPIs. The first proposed strategy aims to accelerate the
computations of the original bilateral random projection using
RPIs while the second one aims to fake compute them. They
are thus named Accelerated RPI (ARPI) and Fake RPI (FRPI)
in the remainder of the article, respectively.

Algorithm 5: SC:ARPI

1 input : - ∈ R<×= , a (with : + a � min(=, <)), and
@ // e.g., @ = 4 in [26]

2 output: ' ∈ R=×(:+a) , ! ∈ R (:+a)×<
3 begin
4 draw : Gaussian random matrices Ω! ∈ R=×(:+a)

and Ω' ∈ R (:+a)×<
5 if < ≥ = then
6 �! ← (--) )@ · - · Ω!
7 ! , QR(�!))
8 -! , ! · -
9 �' ← Ω' · - · (-)! -!)@

10 ' , QR(�') )
else

11 �' ← Ω' · - · (-) -)@
12 ' , QR(�') )
13 -' , - · '
14 �! ← (-'-)' )@ · - · Ω!
15 ! , QR(�!))

end
end

Let us now focus on the product (-) -)@ which is used
in the computation of '. Let us assume that ! has already
been estimated using Algorithm 2. Then, one can notice that
computing ' using RPIs reads

' , QR
{(
Ω' · - · (-) -)@

)) }
. (20)

By construction of !, one may notice that

-)! -! = -) !) !-, (21)
≈ -) -. (22)

Please notice that there is not a strict equality in Eq. (22) as
the SVD of -! is a randomized and truncated version of the
SVD of - . Still, despite the randomized effect, the distance
between !) !- and - is bounded on average [23].

Combining Eqs. (20) and (22) provides a cheap way to
compute ', i.e.,

' , QR
{(
Ω' · - · (-)! -!)@

)) }
. (23)

The resulting ARPI algorithm is provided in Algorithm 5. As
explained above, please note that this proposed acceleration
technique can be easily applied to extend RSIs as well.
Moreover, depending on the values of < and =, it might
be less costly to swap the roles of ! and ', i.e., to use a
classical RPI/RSI procedure to compute ' and to accelerate
the computation of ! by replacing (- · -) )@ by (-' · -)' )@ .

Let us now introduce the second framework. Noticing that
the column span of the matrix !) is an approximation of the
dominant left singular subspace of - , it is not necessary to
compute ' using a random matrix Ω' as in Eq. (20). Indeed,
the matrix product �' , Ω' · - · (-)! -!)@ could be replaced
by -! · (-)! -!)@ . In practice, �' and -! · (-)! -!)@ have the
same row span and ' can be simply estimated as

' = QR(-)! ). (24)

Such a framework thus aims to fake the “classical” compu-
tation of ' using RPIs, hence its FRPI name. The resulting
algorithm is provided in Algorithm 6

Algorithm 6: SC:FRPI

1 input : - ∈ R<×= , a (with : + a � min(=, <)), and
@ // e.g., @ = 4 in [26]

2 output: ' ∈ R=×(:+a) , ! ∈ R (:+a)×<
3 begin
4 if < ≥ = then
5 draw : Gaussian random matrix

Ω! ∈ R=×(:+a)
6 �! ← (--) )@ · - · Ω!
7 ! , QR(�!))
8 -! , ! · -
9 ' , QR(-)! )

else
10 draw : Gaussian random matrix

Ω' ∈ R (:+a)×<
11 �' ← Ω' · - · (-) -)@
12 ' , QR(�') )
13 -' , - · '
14 ! , QR(-'))

end
end

IV. EXPERIMENTAL VALIDATION

In this section we compare the enhancement provided by
the proposed REM-W-NMF methods and we compare their
performance with the one reached by their vanilla 10 coun-

10in this paper we use the words “vanilla”, “uncompressed”, or “unran-
domized” interchangeably.
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terparts (EM-W-NMF), on both synthetic and real-world data.
We first investigate their performance on toy examples. We
then consider two applications, i.e., background subtraction
(on real-world data) and mobile sensor calibration. All the
tests are done in Matlab R2018a on a laptop with an Intel Core
i7-4800MQ Quad Core processor and 32 GB RAM memory.

A. Choice of the solver

In [34], we investigated the performance provided by many
semi-NMF solvers. In particular, we found in the experiments
that alternating least squares and Nesterov gradient were better
suited to RPs than MUs or projected gradient. Then, in
additional unpublished experiments, we found ALS to provide
a significant number of cases where the method was not
stable. On the contrary, Active Set [20] was found to be a
good solver to be combined with RPs. However, due to space
constraints, we here only show experiments involving Nesterov
gradient for NMF (NeNMF). NeNMF was proposed in [51]
and extended to WNMF within an EM framework in [39]. To
update a matrix factor, it consists of an outer and an inner
loop. In each step of the inner loop, the algorithm realizes a
single gradient descend step and slides it in the direction of the
previous update. The final update is a weighted sum of these
terms whose weights are chosen according to Nesterov optimal
gradient. A stopping criterion of the inner loop is reached if
(i) a maximum number of iterations has been performed or
(ii) the gradient term is significantly lower than the one in the
first iteration of the inner loop.

B. Synthetic Data

To assess the performance of the proposed strategy, we
first consider the case for synthetic data. These tests are
investigated with both a nonnegative matrix completion point
of view (as in [39]) and a Blind Source Separation (BSS)
one. Indeed, while the former focuses on the estimation of
the missing entries of - from � and �, BSS investigates
the quality of estimation of each matrix factor. The latter is
challenging as a good low-rank approximation of - does not
necessarily imply good estimates of � and �. For that purpose,
we repeat 10 times the following experiments: we randomly
generate nonnegative factor matrices � theo and � theo, with
= = < = 10000 and rank : = 5. Its product provides the
whole observed data matrix - theo that we randomly sample
with a sampling rate d"+ varying from 10 to 90% (with a
step-size of 20%). We compare the proposed REM-W-NMF
strategy to the uncompressed EM-W-NMF using NeNMF11

[39]. For each test, we use the same random initialization of
� and �, whose entries are uniformly distributed between 0
and 1.

As a stopping criterion, we consider the situation where we
are given a computational budget and we limit each run to a
given wall-clock time, i.e., 60 or 120 s. This implies that, for
the considered NMF solver, the fastest approach will run more
iterations and should thus provide a better enhancement. For

11The number of Nesterov inner loop herein is set to Maxiter = 500.

each method, we measure the Relative Reconstruction Error
(RRE) which is computed with respect to - theo, i.e.,

RRE ,


- theo − � · �



2
F /



- theo


2
F , (25)

and the Signal-to-Interference Ratio (SIR) which compares the
estimated matrix factor � with � theo, up to permutation and
scale ambiguities. In practice, the SIR is computed over each
row of � as follows. For one row 5

9
estimating 5 theo

8
, one

can express 5
9

as the sum of the collinear and the orthogonal

vectors to 5 theo
8

—denoted 5 coll
9

and 5 orth
9

, respectively—which
are computed by least squares projection. The SIR associated
to 5

9
then reads

SIR( 9) = 10 log10

‖ 5 coll
9
‖22

‖ 5 orth
9
‖22
, (26)

and a global performance measure (in dB) is obtained for
each experiment, by averaging the different obtained SIR( 9)
expressed in dB. It should be noticed that estimating the SIR is
time demanding when the rank : of - becomes large, because
of the permutation ambiguities. Indeed, in practice, the SIR is
computed for all the possible permutations of the rows of � theo

and the maximum mean SIR is kept. This explains12 why we
limit : to such a small value. We also analyze the influence
of [, which is the number of M-step iterations.

TABLE III: Median wall-clock times (in s) reached by the
various methods

Method E-Step time M-Step time

EM-W-NMF 2.642 0.161

REM-W-NMF (RPI) 4.606 0.038

REM-W-NMF (ARPI) 3.750 0.034

Table III summarizes the computational cost needed at each
E-step and M-step of the EM-W-NMF and our proposed REM-
W-NMF variants. We show the costs when [ = 50 computed
over all the tests. As expected, the median time needed
to perform one E-step is much higher for the randomized
approaches than for the vanilla one. In particular, the RPI-
based technique needs almost 1.75 times the vanilla approach
wall-clock time while this value drops to around 1.42 for
the ARPI-based variant. This experimentally shows that the
bottleneck of our proposed framework is the repetitive use
of random projections when the matrix -comp is re-estimated,
even if this effect has a lower impact with ARPIs. However,
performing one outer loop in REM-W-NMF is more than 4
times faster than in EM-W-NMF. In particular, using the values
provided in Table III, the lost time in the E-step with respect
to the vanilla approach is compensated by the RPI and ARPI
methods, after 16 and 9 iterations, respectively.

Figures 1 and 2 show a comprehensive visual analysis
of the influence of [ when the tests are run for 60 s and
120 s, respectively. For both figures, we repeat 10 times the

12Moreover in mobile sensor calibration [29], [59], the rank of - is known
and even smaller than in these experiments—i.e., : = 2 in [29] and : = 3 in
[59]—hence the very small value of : which is tested in this paper.
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Fig. 1: Performance reached after 60 s. From left to right: EM-W-NeNMF, REM-W-NeNMF using RPIs, ARPIs, and FRPIs.

Fig. 2: Performance reached after 120 s. From left to right: EM-W-NeNMF, REM-W-NeNMF using RPIs, ARPIs, and FRPIs.

following experiment: for each value of [ and of d"+ , we
compute the RRE between - theo and � · �. We consider
that the completion is a “success” if this value is below
10−6 and a “failure” otherwise. By counting the number of
successes and failures, we thus provide transition phases with
respect to the tested low-rank matrix completion technique, the
proportion of missing entries, the number of iterations in the
M-step, and the wall-clock time budget. First of all, we notice
that the randomized methods outperform the vanilla one—
in almost all the cases—and that the REM-W-NMF methods
using ARPIs or FRPIs clearly outperfom their variant using
RPIs. This shows the relevance of the proposed methods.
Let us now analyze in detail these plots. We firstly focus
on the performance reached by the vanilla approach. When
[ increases, the maximum value of d"+ for which we still
get high proportions of successes increases until [ = 20 or 30
and then decreases. This may be explained as follows. When
[ is low, the method takes a lot of time to update -comp in
the E-step and does not compute enough updates of � and
� in the M-steps. This results in low successes (being even
zero when [ = 1). By increasing [ to 20 or 30, the approach
takes more time to update � and �, resulting in better RREs.
However, when [ is higher than 30, the benefits of increasing
the number of updates of � and � vanishes, resulting in a
decreasing success rate. This behavior is partly canceled by the
randomized techniques. As far as [ ≥ 20, all the randomized
techniques compensate the wall-clock time they lose in the E-
step by the one they earn in the M-step. This allows them to
be much less sensitive to the effect of success rate decreasing
that we observed for the vanilla method when [ ≥ 30. Said
differently, provided [ is high enough, we do not really have
to take care of the value of [ to get a good performance with
the randomized approaches (and especially the proposed FRPI
and ARPI-based ones). This is a significant improvement over
the vanilla technique which needs [ to be carefully set. Lastly,
please notice that allowing a higher wall-clock time budget,
as shown in Fig. 2 where the latter is doubled with respect
to the one used to plot Fig. 1, allows to improve the success
rates for all the tested methods. Lastly, it should be noticed

that both methods using ARPIs and FRPIs provide almost the
same performance on these tests. As a consequence, we do not
show the performance reached with FRPIs in the remainder
of the paper.

We now aim to investigate deeper the performance of the
proposed and the state-of-the-art methods. Figure 3 shows
the median and the envelope of the reached RREs and SIRs
obtained after 60 s by the tested methods, with respect to the
missing value proportion d"+ , when the number [ of M-step
iterations is set to [ = 1, 20, and 50. Let us first analyze the
respective RREs reached. It is easy to see that, when [ = 1,
the RREs provided by the randomized techniques are higher
than that of the vanilla version. This is due to the fact that
only 1 outer iteration is performed at each M-step, which
implies (according to Table III) that all the REM-W-NMF run
less iterations than the vanilla EM-W-NMF version. However,
when [ = 20, we begin to see some improvements in the RREs
of our randomized methods. The REM-W-NMF techniques
outperform the EM-W-NMF although very moderately, except
for our novel ARPI technique (red plot) which significantly
outperforms even the RPI-based REM-W-NMF method. Lastly
when [ = 50, all the randomized techniques outperform
the vanilla version, while REM-W-NMF using ARPIs still
being the best in terms of performance. The influence of [
is consistent with the findings in Figures 1 and 2 and further
shows the bottleneck of the proposed method. However, it
should be noticed that when d"+ is 90%, the RREs obtained
when [ = 20 or 50 are much higher than when [ = 1.
This is probably due to the fact that the completed matrix
-comp is far from the theoretical one in early iterations, so
that the estimation of � and � in the M-step does not get
any significant benefits from increasing the number of M-step
iterations. Instead, these results suggest it would be possible to
accelerate the proposed methods by updating more regularly
-comp in the first EM iterations, i.e., by reducing the number
of NMF updates in the M-step. In that case, there would be
benefits to perform random projections only once one find no
drastic difference between two successive completed matrices.

Additionally, we show the performance of the tested meth-
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Fig. 3: (Top row): Plots of RREs reached after 60 s vs Missing Value proportions for NeNMF (Bottom row): Plots of SIRs
reached after 60 s vs Missing Value proportions for NeNMF. (left column): [ = 1 iteration (middle column): [ = 20 iterations.
(right column): [ = 50 iterations.

ods based on SIR values in the bottom row of Fig. 3. First,
we notice that the SIRs do not monotonically vary with the
missing value proportion. While one might expect to get better
estimates of � when more entries in - are available, this is
not always the case. This behaviour is especially visible when
[ is equal to 20 or 50. This might be due to the fact that
NMF is NP-hard and that a unique solution is not guaranteed
in the general case13 [1]. Still, the ARPI-based REM-W-NMF
technique provides the highest median SIRs when [ = 20
or 50. In these case, these SIRs are significantly higher than
those obtained with the other tested methods. This shows the
relevance of our work.

C. Application to Background Subtraction

The primary task of Background Subtraction (BS) is to
select an area of interest usually called a foreground from
an observed scene called background. For example, in many
video surveillance applications, BS is used to detect moving
objects from a video scene [60], [61]. When considering B&W
videos or one unique channel of RGB videos, BS can be seen
as a matrix completion problem. Majority of the methods for
performing BS are based on matrix factorization, while a few
others are based on rank minimization [62]. Our proposed
framework falls under the former and can thus be modelled as
matrix completion problem. From Eq. (7), the weight matrix
, is binary depending if the entries of - are known or not.
Denoting I the set of known entries of - , low-rank matrix
completion can be seen as the estimation of a low-rank matrix
" whose rank is minimal and whose entries are equal to those
of - in I [63]. As minimizing the rank of " is NP-hard,

13In preliminary tests, we found the proposed randomized methods to be
as sensitive to the initialization as the vanilla ones they extend.

this problem can be relaxed by minimizing its nuclear norm,
denoted ‖" ‖★ and defined as

‖" ‖★ ,
∑
8

f8 , (27)

where f8 denotes the 8-th singular value of " . Assuming "
to be non-negative, the low-rank matrix completion problem
aims to solve

min
" ≥0

1
2
‖PI (-) − PI (")‖2F + ` ‖" ‖★ , (28)

where PI is the sampling operator of - .
Moreover, as " is assumed to be low-rank, it can be

replaced by a matrix product—say " = � · �—and solving
Eq. (28) is similar to solving [64, Lemma 8]14

min
�≥0,� ≥0

1
2
‖, ◦ - −, ◦ (� · �)‖2F+

`

2
(‖�‖2F+‖�‖2F), (29)

which is a penalized and weighted extension of Eq. (3). Due
to the fact that � and � are alternatingly updated, only one
penalization term in Eq. (29) is taken into account at each
update. For example, within the EM framework, updating �
in the M-step aims to decrease

J (-comp, �, �) = 1
2
‖- − � · �‖2F +

`

2
‖�‖2F , (30)

for which dedicated update rules have been proposed in [51].

14Actually, the lemma states the equivalence of minimizing ‖� · � ‖★ and
of minimizing 1

2 ( ‖� ‖2F + ‖� ‖2F) without sign constraints on � and � . To
the best of tha authors’ knowledge, the validity of both minimizations with
nonnegativity constraints is not proved. It is classically used in the NMF
community [65, Ch. 9].



JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015 10

It is worth mentioning that we do not necessarily aim to
outperform—in terms of accuracy—state-of-the-art BS meth-
ods, but rather to show that our framework can attain medium
to similar accuracy at a much lower computational time!

For this, in this paper we compare our proposed methods
to four state-of-the-art ones, i.e., Optspace [66], IALM [67],
GROUSE [68], and RMAMR [69]. These methods are based
either on matrix factorization or rank minimization and we
refer the reader to the associated references for complementary
information regarding the formulations of these methods.

In our experiments, we independently process each color
channel. We fix the estimated rank to : = 3 and maximum
iterations "0G_8C4A = 100 for all methods. Then the M-step
iterations is set at [ = 30 for our proposed methods. The
tolerance in OptSpace is set to C>; = 10−8, and finally the
stepsize for the GROUSE method is set to BC4? = 0.1. For
any other parameters related to the state-of-the-art methods,
we keep the default values set by their authors for the best
performance.

TABLE IV: Selected dataset from the SBI Dataset [70], [71].

Name Original Frames Frames used Resolution
Board 0-227 0-227 200 × 164
Hall & Monitor 0-299 4-299 352 × 240
Cavier1 0-725 115-724 384 × 288

We conduct our experiments on real-world data summarized
in Table IV. These data were selected from the SBI datasets
in [70], [71]. The authors also provide MATLAB codes15 for
evaluating the performance of the various BS methods. In this
paper we consider 3 of those metrics described below:

1) Peak Signal to Noise Ratio (PSNR): PSNR is a classical
metric used herein and defined as:

PSNR = 10 log10 ((# − 1)2/MSE) (31)

where # captures the maximum number of grey levels
and MSE is the Mean Squared Error between ground-
truth (GT) and Calculated Background (CB) images.
PSNR is measured in decibels, so the higher the value,
the better estimate of the background.

2) Percentage of Error Pixels (pEPs): Given a threshold,
U, an error pixel (EP) is a pixel of the calculated
background image, whose intensity value differs from
the corresponding pixel in the ground-truth image by
more than U [70]–[72]. The range of this metric is
between 0 and 1, thus the lower the pEPs value, the
better is the background estimate.

3) Color image Quality Measure (CQM): The CQM metrix
is a modified version of the PSNR proposed in [73]. The
idea is based on computing the PSNR on each channel of
a YUV color space. This YUV color space is converted
a priori from the original RGB color space. CQM is
measured in decibels as well and higher values indicate
a good estimation.

Table V shows the visual comparison of the various methods
for the BS task. By visual inspection, one can see that most

15We duly acknowledge and credit the original authors to the codes of these
metrics which can be found at http://sbmi2015.na.icar.cnr.it/.

of the methods produce very similar results except for the
GROUSE method which provide visually less well subtracted
backgrounds on the Board and Hall&Monitor datasets. To
better examine their performance, let us look at the quantitative
results presented in Table VI. We principally focus on the wall-
clock times used by each method, and observe that proposed
REM-W-NMF variants and the vanilla variant are faster than
the state-of-the art methods for all three datasets. In particular,
the REM-W-NMF using ARPIs is the fastest. For the other
metrics our proposed methods remain very competitive with
the RMAMR and the GROUSE methods which are the best
performing methods (depending on the dataset and the chosen
metrics).

D. Application to In-Situ Calibration

Another practical application of our proposed framework is
in-situ calibration of low-cost sensors (LCS) [29], [59]. In the
considered application a set of = mobile, geolocalized, and
time-stamped sensors are deployed to observe a geographical
area. Such an area is assumed to be discretized and observed
during a time interval of (C, C + ΔC). In the remainder of the
paper, it is referred to as a scene [29], [59]. A scene is thus
a grid of cells in which the sensors can move and acquire a
measurement of the physical phenomenon. When two sensors
share the same position in the scene, they have a rendezvous.
These data can be reorganized in the form of a matrix - where
a row index corresponds to a position in the scene while a
column index corresponds to a sensor number. However, the
sensor responses tend to drift over time, which implies that
they must be regularly re-calibrated. This must be done in-
situ, i.e., from the data, instead of in-lab, because of obvious
cost and time reasons.

In situ sensor calibration was revisited as an informed (semi-
)NMF problem with missing entries by Dorffer et. al in [29].
In this work they assume that each sensor outputs a voltage
which is assumed to follow some affine response with respect
to a physical concentration. Denoting G(8, 9) the 8-th observed
output of Sensor 9 , 68 the 8-th physical phenomenon concen-
tration sensed by the sensor, 50, 9 , and 51, 9 the unknown offset
and gain coefficients associated with Sensor 9 , respectively,
the relationship reads G(8, 9) ' 50, 9 + 51, 9 · 68 . Eq. (1) can been
remodeled to follow the affine response as [29]:

©­­«
G1,1 . . . G1,= 61
...

...
...

G<,1 . . . G<,= 6=

ª®®¬︸                         ︷︷                         ︸
-theo

≈
©­­«
1 61
...

...
1 6<

ª®®¬︸    ︷︷    ︸
�

·
(
50,1 . . . 50,= 0
51,1 . . . 51,= 1

)
︸                      ︷︷                      ︸

�

(32)
The last column of -theo is assumed to be equal to the last
column of � as it models the outputs of regulatory sensors,
assumed to be perfectly calibrated, hence the fact that the last
column of � is also fixed. Equation (32) is satisfied if all the
sensors are observing each cell of the scene, which is of course
not possible. Moreover, one may assume the sensor readings
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Sample Frame

Ground truth

REM-W-NeNMF (RPI)

REM-W-NeNMF (ARPI)

EM-W-NeNMF

OptSpace

RMAMR

GROUSE

IALM

TABLE V: Visual performance of various matrix completion algorithms on 3 scenes selected from the SBI data set.

Board Caviar1 Hall&Monitor

Algorithm PSNR Time pEPs CQM PSNR Time pEPs CQM PSNR Time pEPs CQM

REM-W-NMF (RPI) 18.8 17.5 0.420 19.0 28.0 94.6 0.072 27.3 34.9 84.4 0.009 34.0
REM-W-NMF (ARPI) 18.8 20.0 0.420 19.1 28.0 82.8 0.072 27.3 35.3 73.1 0.007 34.2
EM-W-NMF 18.8 22.8 0.420 19.1 28.0 99.7 0.072 27.3 35.0 86.8 0.009 34.0
IALM 18.3 97.7 0.484 18.4 27.9 309.1 0.073 27.2 30.7 270.0 0.028 30.7
OptSpace 18.3 409.8 0.486 18.5 27.9 1783.7 0.073 27.2 30.7 1658.1 0.028 30.7
RMAMR 20.1 41.7 0.361 20.3 28.2 194.6 0.067 27.5 38.0 165.9 0.002 37.4
GROUSE 18.8 42.0 0.417 18.5 27.5 110.4 0.061 26.8 37.7 100.5 0.002 37.0

TABLE VI: Numerical analysis of the various methods when applied on the SBI datasets.

not to be very precise. Both effects can be modeled by adding
an uncertainty measurement , whose (8, 9)-th value reads

F8 9 =

{
0 if G8 9 is not available,
d 9 otherwise, (33)

where d 9 is the confidence coefficient associated with Sensor
9 [29]. As a consequence, in situ calibration of mobile sensors
can be modeled as an informed extension of WNMF.

In particular, the in-situ calibration problem consists of
estimating � from the observed matrix - via some specific
parameterization scheme proposed in [7]. This scheme basi-
cally splits the WNMF matrix factors into free and fixed parts.
The informed extension of Eq. (7) then reads

{�̂, �̂} = arg min�,� ≥0
1
2 ‖, ◦ - −, ◦ (� · �)‖2F

s.t. � = 
G ◦�F +
G ◦ �G,
� = 
F ◦�F +
F ◦ �F.

(34)
where (�G,�F), (�G,�F), (
G,
F), and (
G,
F) represent
the fixed values of (�, �), their free values, the binary weights
providing the positions of the fixed values, and those providing
the positions of the free values, respectively. As a consequence,
using this parameterization, we can choose to update (�G,�F)
only rather than (�, �).

Some MU rules to solve Eq. (34) were formulated in [29].
However, the method was found to be slow for larger scenes.
Additionally, it was not suited for cross-sensitive sensor arrays,
i.e., the sensor readings provided by one of such sensors also
depends on the readings of the other sensors in the array.

This issue was solved in [59], where the MUs were replaced
by a Nesterov accelerated gradient and where calibrating
heterogeneous sensor arrays was shown to be solved using
Eq. (34), except that the matrices in the problem are bigger.

In this paper we thus extend the work in [59] to a random-
ized informed and weighted framework. The corresponding
approach basically follows the same steps as the blind REM-
W-NMF methods described above, except that the update rules
of � and � take into account the parameterization in Eq. (34).
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Fig. 4: RMSEs versus wall-clock time (s) of the tested
methods.

To evaluate our proposed methods, we consider the simula-
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tion of a scene of < = 400 cells observed by =1 = 100 sensor
arrays. Each array contains =2 = 2 sensors. Using the model
in [59], the theoretical matrix -theo is of size <× (=1 ·=2+=2),
i.e., 400 × 202. We further assume that only 10 reference
sensors are available, i.e., 10% of the scene parameters are
known. To model the data observed by the uncalibrated mobile
sensors, we consider two parameters, i.e., the proportion d"+
of missing entries of missing entries, set to d"+ = 0.5,
and the proportion d'+ of mobile sensors to have a unique
rendezvous with a reference sensor. The latter is set to d'+ =
0.3. Please notice that even if these proportions seem high,
they do not allow to apply state-of-the-art in-situ calibration
methods, as the latter require multiple rendezvous between
some uncalibrated sensors and the reference ones [59]. As a
consequence, we only compare the performance reached by
WNMF-based methods, i.e., the MU-WNMF approach named
IN-Cal [29], the informed EM-W-NeNMF method proposed
in [59], and our proposed randomized extensions. We use the
same initialization for all the methods and all the tests are
repeated 20 times during 60 seconds each.

Figure 4 shows the reached RMSEs computed over a row of
�, with respect to the wall-clock time. In particular, it shows
the median RMSEs and their associated envelopes. First of all,
we notice that IN-Cal is unable to converge within the wall-
clock time budget, while the size of the matrix - to factorize is
not that high. This is due to the fact that multiplicative updates
are only well-suited to very small in-situ calibration problems.
The EM-W-NeNMF method in [59] clearly outperforms IN-
Cal but does not reach convergence within the wall-clock
time budget. This approach is outperformed by our proposed
randomized extensions, and in particular by the one using
ARPIs as its median RMSE reaches in around 30 s the median
RMSE reached by EM-W-NeNMF in 60 s. This shows the
relevance of our work.

V. CONCLUSION

In this paper, we proposed a novel framework to combine
random projection and weighted matrix factorization. It is
based on an Expectation-Maximization (EM) scheme and
applies random projections on the completed version of the
partially observed matrix at each Expectation step. Provided
there are enough outer iterations in the M-step, the proposed
strategy outperforms non-randomized counterparts, especially
for low-rank matrix completion. However, we noticed that
the computation of the projection matrices in the E-step
is the bottleneck of the proposed strategy (which can be
counterbalanced by the reduced cost of the NMF updates in
the M-step). We also proposed a way to reduce the E-step
time complexity using a new random projection scheme we
coin as ARPI. The proposed methods are applied to synthetic
data, background subtraction and mobile sensor calibration
applications. In all of these cases, we observe our randomized
methods to outperform their vanilla or uncompressed versions.
Furthermore the framework is also seen to yield very consis-
tent results throughout and validates the use of compression
for large data problems.
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