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Introduction Automate pondéré
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Automate fini

Fonction à valeur booléenne définie sur l’ensemble des mots

A : Σ∗ → {0, 1}

Répond à un problème de décision :
si A(w) = 0 alors w 6∈ LA
si A(w) = 1 alors w ∈ LA

Pourquoi ne pas généraliser ?

Fonction à valeur dans IR définie sur l’ensemble des mots :
Automate pondéré

A : Σ∗ → IR

Fonction à valeur dans Σ∗
2 définie sur l’ensemble des mots :

Transducteur
T : Σ∗

1 → Σ∗
2
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Idée : ajouter des poids aux transitions
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Principe

Lors de la lecture du mots, les poids des étiquettes sont agrégées

Le mot abbaa est accepté par l’automate, et le poids du mot est :
1 + 0 + 0 + 1 + 1 = 3
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Automate fini déterministe

Automate fini déterministe

Un automate fini déterministe (AFD) est un quintuplet
(Q,Σ,T , q0,A) où :

Σ est l’alphabet de l’automate,

Q un ensemble fini appelé ensemble des états de l’automate,

T est un sous-ensemble de Q ×Σ×Q, appelée la fonction de
transition

q0 est un élément de Q, appelé l’état initial

A est un sous-ensemble de Q, appelé l’ensemble des états
acceptants.
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Automate (fini) pondéré

Automate fini pondéré

Un automate fini pondéré est un quintuplet
(Q,Σ,T , q0,A, λ, µ, ρ) où :

Σ est l’alphabet de l’automate,

Q un ensemble fini

T est un sous-ensemble de Q × Σ× Q

q0 est un élément de Q

A est un sous-ensemble de Q

λ : Q → IR est une fonction de poids d’entrée

µ : T → IR est une fonction de poids des transitions

ρ : Q → IR est une fonction de poids de sortie
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Lecture

Notations

Etant donné une transition e ∈ T , on note p[e] l’origine et n[e] la
destination de la transition, et w [e] le poids de la transition.

Poids d’un chemin

Un chemin π = e1 . . . en est une suite de transitions telle que pour
tout i ∈ [1, . . . , n − 1], n[ei ] = p[ei+1].

Le poids d’un chemin π est le ”produit” des poids des transitions :

w [π] = λ(p[e1])⊗ µ(e1)⊗ . . .⊗ µ(en)⊗ ρ(n[en])

La notation ”produit” ⊗ peut être selon les cas l’addition, la
multiplication, etc. (la loi interne d’un semi-anneau en fait)

Lecture

La lecture est définie de manière identique à un automate fini
classique, le poids du chemin de lecture π est alors w [π].
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Exemple
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Calculer (à l’aide de la somme) le poids des lectures des mots
abbbaaba, baaaa, abbbbab.
Intuitivement, que représente le poids ?
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Exemple

Sur l’alphabet Σ = {a, b}, définir un automate pondéré qui
reconnait le langage des mots dont la différence entre le nombre de
a et le nombre de b est un multiple de 3, et qui calcule la
différence entre ces nombres.
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Automate probabiliste

Les poids sont interprétés comme des probabilités.
Cette interprétation permet d’ajouter une probabilité d’apparition
du mot

Springer Handbook on Speech Processing and Speech Communication 3

0 1
using/1

2data/0.66

3

intuition/0.33

4

is/1
5

better/0.7

worse/0.3

(a)

are/0.5

is/0.5

(b)

0 1d/1 2ey/0.5
ae/0.5

3t/0.3
dx/0.7

4ax/1

(c)
0

d1

1d1

d2

2d2

d3

3d3

Figure 1: Weighted finite-state acceptor examples. By convention, the states are represented by circles and
marked with their unique number. The initial state is represented by a bold circle, final states by double
circles. The label l and weight w of a transition are marked on the corresponding directed arc by l/w. When
explicitly shown, the final weight w of a final state f is marked by f/w.

quite similar to a weighted acceptor except that it has
an input label, an output label and a weight on each
of its transitions. The examples in Figure 2 encode
(a superset of) the information in the WFSAs of Fig-
ure 1(a)-(b) as WFSTs. Figure 2(a) represents the
same language model as Figure 1(a) by giving each
transition identical input and output labels. This adds
no new information, but is a convenient way we use
often to treat acceptors and transducers uniformly.

Figure 2(b) represents a toy pronunciation lexi-
con as a mapping from phone strings to words in
the lexicon, in this example data and dew, with
probabilities representing the likelihoods of alterna-
tive pronunciations. It transduces a phone string that
can be read along a path from the start state to a fi-
nal state to a word string with a particular weight.
The word corresponding to a pronunciation is out-
put by the transition that consumes the first phone
for that pronunciation. The transitions that consume
the remaining phones output no further symbols, in-
dicated by the null symbol ε as the transition’s output
label. In general, an ε input label marks a transition
that consumes no input, and an ε output label marks
a transition that produces no output.

This transducer has more information than the
WFSA in Figure 1(b). Since words are encoded by

the output label, it is possible to combine the pronun-
ciation transducers for more than one word without
losing word identity. Similarly, HMM structures of
the form given in Figure 1(c) can be combined into
a single transducer that preserves phone model iden-
tity. This illustrates the key advantage of a transducer
over an acceptor: the transducer can represent a rela-
tionship between two levels of representation, for in-
stance between phones and words or between HMMs
and context-independent phones. More precisely, a
transducer specifies a binary relation between strings:
two strings are in the relation when there is a path
from an initial to a final state in the transducer that
has the first string as the sequence of input labels
along the path, and the second string as the sequence
of output labels along the path (ε symbols are left
out in both input and output). In general, this is a
relation rather than a function since the same input
string might be transduced to different strings along
two distinct paths. For a weighted transducer, each
string pair is also associated with a weight.

We rely on a common set of weighted trans-
ducer operations to combine, optimize, search and
prune them [Mohri et al., 2000]. Each operation
implements a single, well-defined function that has
its foundations in the mathematical theory of ratio-
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two strings are in the relation when there is a path
from an initial to a final state in the transducer that
has the first string as the sequence of input labels
along the path, and the second string as the sequence
of output labels along the path (ε symbols are left
out in both input and output). In general, this is a
relation rather than a function since the same input
string might be transduced to different strings along
two distinct paths. For a weighted transducer, each
string pair is also associated with a weight.

We rely on a common set of weighted trans-
ducer operations to combine, optimize, search and
prune them [Mohri et al., 2000]. Each operation
implements a single, well-defined function that has
its foundations in the mathematical theory of ratio-

source : ”Speech recognition with weighted finite-state transducers”, Mohri et al., 2008.
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Conclusion

On peut alors se poser les mêmes questions :

Quelle est la représentation algébriques des langages reconnus
(séries rationnelles) ?

Non Déterministe, déterminisate ?

Opérations algébriques

Automate minimal

Comment construire ces automates (inférence, machine
learning !) ?

On peut aussi imaginer d’autres modèles d’automate :
cf. Transducteur fini, etc.
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